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1 Introduction

Previously, let us give basic notions and designations from [2].

1. Given a set @, let its elements be designated by small latin characters. For
short, let {a:,-}f:m or {z;}* denote the sequence Zp,, Tmyi1,..., 2. We will often
use the designation 2%, instead of {z;}%, if it is clear which index is being changed.
The symbol ¥ makes sense if m < k. If m = k, then 2™ means simply an element
Tm. If m > k, then by 3:51 we shall understand empty sequence (empty set). The

sequence a, a, . .. ,a (k times) is denoted by g. The symbol 8 means empty sequence.

Let Q™ be the Cartesian power of the set @, i.e. Q™ consists of all ordered
sequences af, a; € Q (1 =1,2,...,n). A mapping A : Q" — Q is called an n-ary
operation, and one number n is called the arity of the operation A. A set Q with
n-ary operation A is called an n-groupoid and is denoted by Q(A). If an operation
A puts into correspondence an element b € @ to the sequence a € Q", then we
write A(x]) = b. The operations defined on the set @) are denoted by capital latin
characters A, B,C, ... or by parenthesis (a) = b.

An n-groupoid Q(A) is called an n-quasigroup or n-ary quasigroup if in the
equality A(z}) = x,.1 any n elements of 27! € Q uniquely define the (n + 1)-th
one. This definition is equivalent to the following one: algebra Q(A) with one n-ary
operation A, which is uniquely reversible at each place, is called an n-quasigroup [3,
p. 48]. For convenience, the quasigroup operation A itself of n-quasigroup Q(A) as
a rule is called a quasigroup too.

If in the n-quasigroup Q(A) there exists at least one element e such that
i-1  n—i

A( e,r, € ) = x for any z € @ and any i = 1,2,...,n, then Q(A) is called
an n-loop with an identity element e.
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2. A quasigroup B is called an isotope of a quasigroup A (A and B have equal
arity n and are defined on the same set Q) if there exists a sequence T = (™) of
substitutions of the set @ such that B(z}) = a;}_lA({ai:Ei}’f) for all 2] € Q™.

The denotation is: B = AT. The sequence T is called an isotopy.

A substitution «; is called an i-th component of the isotopy T = («

From C = BT,B = A% = C = AT, where ST is the product of isotopies:
P =ST = (") (B1") = ({aifi}1);

From B = AS = A = BS'. An isomorphism, i.e. an isotopy of the form

+1
i)

("51), is a particular case of the isotopy. The principal isotopy is another particular
case of isotopy: an isotopy of the form S = (af,¢) is called the principal one, and
one quasigroup B = A is called the principal isotope of the quasigroup A (e is an
identical substitution).

Theorem 1. If a quasigroup B is isotopic to a quasigroup A, then it is isomorphic
to some its principal isotope:

B=A"T = (of*") = B = (A%)*+.

Among the principal isotopes there are L P-isotopes that stand out. The notion
of n-quasigroup translation is necessary for their definition.

Let us designate the sequence a} € Q™ by a, the sequence {ail_l,agﬁrl} by i(a).
Such a sequence is called i-section of the sequence a = {a}}. Let an n-quasigroup
A be defined on Q). Then a mapping L;(a), defined by the equality

Li(a)x = A(ail_l, T,ap ),

is called an i-translation relative to the sequence a or translation relative to i-
section of the sequence a. By virtue of the n-quasigroup definition, i-translations
are substitutions of the set @ for any a € Q™ and for any i = 1,2,...,n. Notice
that Li(a)r = A(z,a}),L,(a)x = A(a?™!,x); in the case when n = 2 we have
a = {ai,as} € Q% Li(a)r = A(x,a9) is right translation, Lo(a)r = A(a1,z) is left
translation of the quasigroup A.

Principal isotope B = AT of a quasigroup A, where T' = (o}, ) and a; = L;l(d),
is called an LP-isotope of the quasigroup A.

Theorem 2. Every LP-isotope of a quasigroup is a loop.

Proof. Indeed, let us be given an n-quasigroup Q(A). We consider its LP-isotope
B(x%) = AT (27), where T = (af,¢), a = af.

Let us show that e = A(a}) is an identity element of the quasigroup Q(B).
Notice that L;(a)a; = A(a}). Let A(a}) = e. Then e = L7 *(a)e = a;. Therefore,

i—1 n—i

i—1 n—i i— n
B( e,x, € ) = AT( e,x, € ) = A({aje}jzllvaix>{aje}j:i-i-l) =

= Alai™, i, afyq) = Li(@) () = Li(@)(L; ' (@)z) = =,
i.e., e is the identity element of the loop Q(B). O
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Theorem 3. If a loop is principally isotopic to an n-quasigroup, then it is LP-
isotopic to this quasigroup.

Proof. Indeed, let A be an n-quasigroup, B(z}]) = AT(x’f), 'T = oz?,

({04]6}] 1) Qi {ozje}?:i+1).

Let us assume that ae = a;, ¢ € {1,2,...,n}, a = a}. Therefore, x =
A(at™ oy, ai, 1) = L;i(a)a;x, whence o; = L; (@), hence B = AT is an LP-isotope
of the quasigroup A. O

3. Let Q(A) be an n-quasigroup. From the definition of translation L;(a) of the
quasigroup Q(A) we have that in this quasigroup the following identity holds:

Li(a)x = A(all ! NNCARRR (1)
where = runs through all the set @, L;(a) is a substitution of the set @ for Va =
z} € Q" and for Vi =1,2,...,n

From the identity (1) it results that with respect to the n-quasigroup Q(A) the
following identities hold:

LM @Ay @ alyy) = Alay ' Ly @)z, alyy); (2)

Li(a)A(al 17m7ai+1n) = A( - lLi( )m7ai+1)’ (3)

Indeed, by replacing in the identity (1) z — L; Y(@)z, we get the following

identity:
z = Alay ", Ly @)z, afY ). (4)

On the other hand, applying the substitution L L(@) from left to the identity
(1), we get the following identity:
T = Li(d)A(ail_lv Ty a?—l—l)' (5)

From the identities (5) A (4) it follows the identity (2); by replacing  — L;(a)x
in the identity (2), and then by applying the substitution L;(a) to the obtained
identity, it follows the identity (3)

From (1) by replacing « — L; (@), evidently the following identity results:

Ly @)z = A(ai™", L *(@)z, a}y,). (6)

By definition, LP-isotope Q(B) of n-quasigroup Q(A) relative to the sequence
a = a} € Q" is a principal isotope of this quasigroup of the form

B(z}) = A({L; (a)zi}iy)- (7)
The LP-isotope Q(B) of the quasigroup Q(A) is a loop with the identity element
e = A(al) [2, p. 13].

4. For loops (with binary operation) the notion of an IP-loop (loop with re-
versibility) is defined: a loop Q(-) is called a IP-loop if for any a, b, € @ the following
holds: ~ta(ab) = b, (ba)a~! = b, where ~taa = aa=' = 1.
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2 Some results

In [3, p. 48] it is noted that the main research object is not IP-loops, but Moufang
loops, which is a narrower class. Namely, a loop is called a Moufang loop if all the
loops which are isotopic to it are the IP-loops. The following theorem is true:
Moufang Theorem: A loop Q(-) is Moufang if and only if the following identity
holds:

(zy)(22) = [2(y2)]=.

Let us note that the Moufang loop is also equivalently defined by one of the following
identities:

w(y - xz) = (zy - o)z,
(zz-y)r = z(x - yx) [1, p.h9].

In [1] the notions of the loop with the property of reversibility (IP-loop) and
Moufang loop in the context of more general notion of I P-quasigroup are studied
in detail. In [2] the generalisations of the notions of I P-loop and Moufang loop are
also considered within the more general notion of I P-n-quasigroup. The notion of
1 P-n-loop admits the following

Definition 1. An n-loop Q(A) is called an n-loop with the property of reversibility
(or IP-n-loop) if there exists the system of substitutions v;; (i,j = 1,2,...,n) of
the set @ (with v;; = € being the identical substitution) such that the following
identities hold:

A{vijz; Yoy, A?) vz Yimip) = 2 (8)

for any x; € Q (¢ = 1,2,...,n). The matrix ||v;;| is called an inversion matriz of
IP-loop Q(A), and substitutions v;; are called inversion substitutions [2, p.66].

Let us extend without changes the definition of the notion of Moufang loop
(binary) given in [3, pp. 18] to n-ary case of the loop. Thus, in the set of all IP-
n-loops, a narrower class of n-loops Moufang is singled out, which conforms to the
following definition:

Definition 2. An n-loop Q(A) is called a Moufang n-loop (or Moufang loop) if all
the loops isotopic to it are n-loops with the property of reversibility (I P-n-loops).

The following theorem is true:

Theorem 4. An n-loop Q(A) is a Moufang n-loop if and only if the following condi-
tion is met: for any LP-isotope of n-loop Q(A) there exists a system of substitutions
vij (1,7 = 1,2,...,n) of the set Q, with U;; = ¢, such that the following identities
are true:
~ i—1 ~
C{wia; iy, Ca)) ADijas}—ip) = o 9)

foranyx; €Q (i=1,2,...,n).
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Proof. Necessity. Let Q(A) be a Moufang n-loop. According to Definition 2, all its
LP-isotopes Q(C) are IP-n-loops. Thus, according to Definition 1, for any LP-
isotope Q(C) of the loop Q(A) the identities (9) are true.

Sufficiency. Let Q(A) be an n-loop and any its LP-isotope Q(C) satisfies iden-
tities (9). According to the known theorem: if a loop C' is isotopic to an n-loop A,
then it is isomorphic to some of its principal isotope:

C=A"T = (") = C = (A%)%+1;

this principal isotope A° is a loop. From Theorem 3 the following corollary obviously
follows: if a loop C] is principally isotopic to an n-loop A, then it is LP-isotopic to
the loop A: Oy = AS,S = (B7,¢) = B = L; '(a).

By virtue of these theorems, it follows that any loop Q(C') which is isotopic to an
n-loop Q(A) is isomorphic to some LP-isotope of the loop Q(A). Since, according
to the theorem’s condition, all LP-isotopes of the loop Q(A) are IP-loops, then
any loop which is isotopic to n-loop Q(A) is an I P-n-loop, i.e. Q(A) is a Moufang
n-loop. The theorem is proved. O

Let Moufang n-loop Q(A) be set by identities (9). Applying formula (7) to
identities (9) we get that identities (9) become as follows:

A{L @)z}, LT @ARLT @2y j=0) {17 @72 —ipa) = 21 (10)

for any x; € Q (i = 1,2,...,n), where L;(a) is an i-translation relative to any
a=a} €Q".

Let us call identities (10) and the equivalent to them ones as identities of Moufang
n-loop Q(A). By replacing z; — Lj(a)z; (j = 1,2,...,n) in (10), we get the
following identities:

A(LT @i Li(a)zs )}y, Ly (@) Aat), AL (@) Ly (@)x; =) = Li(@)z; (11)

forany z; € Q (i=1,2,...,n) and a = af € Q™.
Let a Moufang n-loop be set by identities (11). In particular case when n = 2,
identities (11) are equivalent to the following system of two identities:

A(LTY@)A(2]), Ly (@)ina Ly (@)zs) = Ly(a)m,
A(LyN(@)oa1 Ly (a)ry, Ly (@) A(a?)) = La(a)ws (12)

for any x1,22 € Q, any @ = {ay,a2} € Q2, where v1a, 11 are the inversion substitu-
tions of I P-n-loop Q(B) which is LP-isotopic to the loop Q(A). By the definition
of translation in n-quasigroup Q(A) it follows that in the particular case with n = 2
the following relations take place:

a={ay,as},L1a)r = A(x,az) — right translation,

Lo(a)x = A(aq,x) is left translation of the quasigroup Q(A),
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where x runs through the whole set @. Let us denote A = (-). Then these relations
can be written in the following form:

Ll(C_L) = Ra2,L2((_l) = Lg,, (13)

from which it results that Ly (@) = R}, Ly (@) = Lzl

ag
Then, in view of the relations (13), identities (12) become as follows:

R, (w1 - w3) - Ly 1o La, w2 = Ray 1,
R;zlﬁglRale . L;ll (1’1 . xg) = Lalxg (14)

for any z1,x2,a1,a2 € Q.
Let us consider the second identity from (14). With 3 = L;'a; it entails the
following identity:
R;zlﬂglRale = CLngllal. (15)

By replacing expression R;;Dglml in (14) by identically equal to it expression from
identity (15), we get the following identity:

(CLl . L;llal) . L;ll(xl . xg) = a122 (16)

for any aq,x1,x2 € Q. So, since the loop Q(:) (binary), i.e. Q(A) set by identities
(14), is an I P-loop, then, as it is known, it possesses the following properties:

“lp=gl oy t=y o, LV =L, Ry =R,

where L, R, respectively are left and right translations of the loop Q(-) relative to
an arbitrary element z € @, and ™! is a right inverse element for z: -2 ! =1, 1
is an identity element of the loop Q(-); (x7')~! = 2. Therefore, identity (16) gets
the following form:

(a1 -a:l_lal) 'al_l(ml “Xg) = a1y

for any a1, 1, T2 € Q.
Renaming variables in this identity as follows: a1 — z,21 — y,x2 — 2, we get
the following identity:

1

) (@ ) == 2 oy = (e ) wz

z(y
Replacing in the last identity y — « - yx = L, R,y we get the identity:
z (zyz)z] = [z Nz yr)]ahaz = 27 (zy2)2] = yoaz = (z-yz)z = 2(y-x2)

— the identity of left Bol loop.
And since Q(-) is an I P-loop and at the same time it is a left Bol loop, then, by
the known theorem, Q(-) is a Moufang loop assignable by the following identity:

a(y - wz) = (zy - )z <= (2y)(27) = [z(y2)]2.
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By analogy, the first identity from (14) entails the same identities.

With n = 3 an operation is called ternary, and identities (10) become identities
of ternary Moufang loop (Moufang 3-loop) Q(A) and have the following compact
writing:

AL N@)zija 2y, L7 @) AQ L @)z Yo ALy (@) gasYim) = = (17)

for any z; € Q (i = 1,2,3) and Va = a} € Q3, where U1, U0, 743 are inversion
substitutions of the IP-n-loop Q(B) which is LP-isotopic to the loop Q(A), and
L;(a) is an i-translation relative to a.

Let us note one of the main properties of Moufang n-loop in the form of the
following theorem:

Theorem 5. Any loop which is isotopic to Moufang n-loop is also a Moufang
n-loop.

This theorem is proved in the context of broader generalisation of the notion of
Moufang loop [2, p. 75].

3 Example of a ternary noncommutative Moufang loop

The following example demonstrates the existence of 3-ary Moufang loops which
differ from 3-groups. Let K(+,-) be an associative (not necessary commutative) ring
with unity which has characteristic 3, i.e. there exists such a positive integer n that
for every element z € K the equality n-x = x4+ ...+ 2 = 0 holds, with the least

H,—/
n  times
such number p = 3 for which 3-x =z +x + 2 = 0 for every x € K, and let K'()
be an abelian subgroup in a multiplicative semigroup K (-) of the ring K, consisting
not only from 1 and such that the mapping x — s - x is a substitution of the set K
for any s € K’ with s?> = 1 for Vs € K’ (in particular, K = Z3 is a ring of residue
classes modulo 3).

Let us consider Cartesian product Q@ = K’ x K = {(s,z)|s € K/ Az € K} of the
sets K’ and K, and also the Cartesian 3-rd degree Q* = {(s;,z;)3|s; € K',x; € K}
of the set ). Let us denote by a the sequence a = (ri,aiﬁ’:l € Q3. Let us define
ternary operation

A((s1,1), (52, 22), (53, 73)) = (515253, S221 + S3T2 + 5123) (18)

for Vsq, 89,53 € K’ and Va1, 22,73 € K on the set Q = K’ x K of ordered pairs of
the form (s,z) € Q. Let us define the following mapping to this operation:

(sj, —sjxj) when j # i,

(sj,25) when j =i (19)

vij 1 Q — Q, vij(sj,xj) = {

for Vs; € K/, Vz; € K (j = 1,2,3) and for Vi = 1,2,3. It is obvious that v;; is a
substitution of the set Q = K x K'.
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It is easy to verify that 3-groupoid Q(A) with operation (18) is a ternary loop
(3-loop) with unity < 1,0 >. Let us prove that this loop Q(A) is a required Moufang
3-loop.

Really, according to the definition of LP-isotope of n-quasigroup, for a loop
Q(A) defined on the set Q@ = K’ x K by formula (18) and for arbitrary sequence
a = (r;,a;)3_; € @3 the specific LP-isotope Q(B) of the loop Q(A) is appropriately
formed according to the following formula:

B({si,xi)im1) = AL (@) (s, 2:) }io1) (20)

for Vs; € K', Vo; € K (i = 1,2,3) and for arbitrary sequence @ € Q3. Let us
fix arbitrary sequence and with this restriction consider the respective LP-isotope
Q(B) of the loop Q(A) with the operation (18).

From the definition of i-translation of quasigroup L;(a) it follows that L;(a) is a
substitution of the set Q = K’ x K for every i = 1,2,3. Therefore L; (a)(s;, ;) is
some ordered pair of the form (s, z) from @Q = K’ x K, i.e.

L @) (si,xi) = (i yi) (21)

for every i = 1,2,3. Let us find the explicit form of the pair (¢;,y;), expressed
through s;, ;. According to the definition of i-translation of quasigroup, the follow-
ing identities are equivalent:

(21) & (si,23) = Li(a)(ti, yi) < (si,2:) = A(@)77", (ti, i), (@)7 1)

for every ¢ = 1,2,3. The last identity is equivalent to the following system of three
identities:

When i=1=1° (s;,71) = A((t1,11),(r2,b2), (r3,a3));
when i =2=2° (s9,29) = A((r1,a1), (t2,a2),(rs,as)); (22)
when i =3=3° (s3,x3) = A((r1,a1),(re,a2), (t3,ys)).

When applying formula (18) to identities (22), these identities become as follows:

1°.(s1,x1) = (tirors,ray1 + 302 + tias),
2°.(s9,x9) = (ritars,toar +1r3y2 + rias),
3°.(s3,x3) = (rirats,maar +tzas + r1y3)

for Vs;, i, t; € K' and Ve, a5, y; € K (i = 1,2,3), from which the following equalities
result:

t1 = rorgsy, to =riT3se, t3 = r1ross,
y1 = ro(x1 — r3ag — ror3siaz), yz2 = r3(r2 — rirzsa; —riaz),

y3 = ri(xg — rea; — rireszas).



60 V.I. ONOI, L.A. URSU

Therefore,

(t1,y1) = (rarssy, ra(x1 — r3a2 — rar3sias)),
(ta,y2) = (rirgsa, r3(x2 — 11735201 — r1a3)), (23)
(t3,y3) = (riress,ri(x3 — roar — r17r283a2)).

In view of identities (21) and (23) it follows that identity (20) equivalently transforms
in the following way:

B((s1,21), (s2,x2), (s3,23)) =  A(Ly"(a)(s1,21).L5 " (@)(s2, 32),L5 " (a)(s3, x3))
& B((s1,21), (s2,22), (s3,23)) =  A({rarzsi,ra(z1 — rzas — rar3sias)), (24)
(rir3sa, r3(xe — r1r382a1 —T1a3)),  (r1T2s3,71(T3 — 201 — T17T283a2))).
Applying formula (18) to the right part of the last identity in (24), we get the
following identity:
B((s1,x1), (s2,%2), (s3,23)) = (rorssy-rirssy-rirass,
r1r3sy - ro(r1 — r3ag — rer3siaz) 4+ riress - r3(xe — rirgsaar — riag) +

ror3sy - (T3 — rear — r1r283a2))

or

B((s1,x1), (s2,x2), (s3,23)) = (s18283,r17213 - [S2(x1 — r3as — rorgsias) +

83(3)2 — Tr1ir3S2a1 — 7‘1613) + 81($3 — To2a1 — 7"17"283&2)]}

—

25)

for any s;,r7; € K', Va;,a; € K (i = 1,2,3) and for arbitrary fixed sequence a =
(riyai)?_ € Q3 where Q = K’ x K.

Thus, if a 3-loop Q(A) is defined on the set Q@ = K’ x K by formula (18), then
its arbitrary LP-isotope Q(B) can be defined by the formula (25). According to the
proof of the Theorem 2, this LP-isotope Q(B) is a loop with identity element:

e = A((m,aiﬁ:l) = (ryrors, roal + r3ag + rias).

Let us show that for a 3-loop Q(A), defined by formula (18), its LP-isotope
Q(B) which can be defined by formula (25) is an I P-loop.

Really, according to Definition 1, in order for a 3-loop Q(B), defined on the set
Q = K' x K, to be a JP-loop, it is sufficient that the following condition to be met:
there exists a system of substitutions 7;; (4,7 = 1,2, 3) of the set @Q, with 7;; = ¢,
such that the following identities hold:

B({#ij(sj,z5) Y21, B((sj, 25)3-1) A (s, w) Yimin) = (siy i) (26)

for Vs; € K', Vz; € K, and for every i = 1,2, 3.
Let us consider mappings:

(85, —rirarssj - x; +¢;), when j # 1,

(85,25), when j =1 (27)

vij 1 Q@ — @, Uyy(sj, x5) = {
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for Vs; € K',Vz; € K (j =1,2,3), and for Vi = 1, 2, 3 with fixed arbitrary sequence
a = (r;,a;) € Q3 where c¢; are some elements from K which are to be determined.
Obviously, this mapping is a substitution of the set Q = K’ x K.
Let us prove that there exist such elements ¢; € K (j = 1,2, 3) that substitutions
(27) satisty identities (26).

At first, suppose that there already exist such elements ¢; C Q (i = 1,2,3)
that the substitutions 7;; (j = 1,2,3) of the set @, defined by the formula (27),
satisfy identities (26). Identities (26) are equivalent to the following system of three
identities:

When 1 =1= I. B(B((sj,a:j>§?:1),512(32,a:2>,1713(33,x3>) = <31,x1>,
When 1 =2 = II. B(1721<81,:E1>,B(<Sj,l‘j>?:1),523<83,1‘3>) = <82,:E2>, (28)

when 1 =3= III. B(1531<81,x1>,ﬂgg(Sg,%g%B((Sj,xj>§-’:1)) <33,x3>.

Let us denote by F' the second component of the pair in the right part of identity
(25):

F = r17rors: [82 (a;l —7‘3&2—T27’3$1a3)+83($2—7‘17’382@1 —T1a3)+81 ($3—7’2a1 —7‘17‘283&2)] .
(29)

Applying formulae (25), (27), and (29) to the left sides of identities (28), we get
the equivalent system of three identities:

I. B((s18283, F) {89, —11797389 - Tg + o) {83, —r172r383 - T3 + C3)) _
(51,71);

I1.B((s1,—r1ror3sy - ©1 + ¢1){s15283, F) {83, —r1rarsss - x3 + c3)) _ 0
(s2,72);

III. B((s1, —r17ror3s1 - 21 + c1),(S2, —r1727382 - To + C2), (515253, F)) _
(s3,23).

Applying now the same formula (25) to the left sides of identities (30), but rel-
ative to new components of the operation B (i.e. considering new components as
variables S1, X7;S2, X2; S3, X3 respectively), we get the equivalent system of identi-
ties:
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[. <818283 + 89+ 83,T1T2T3 - [SQ(F — Tr3a2 — rorzs159S3as
+83(—7’17‘27‘382 ) + Co — T'1Tr3Sqaq1 — 1ri1as
+818283(—7’17’27‘383 - I3 + C3 + C1 — Tsagy — 7’17’283&2)]

I[. <81 + 818283 - 83,T11r2rs3 - [818283(—7’17’27‘381 + X1 — T3ay — rorzsias

+81(—7‘1’r’2’r’383 - X3+ €3 — roay — 7“17"283&2)]
II1. <81 + 89+ 85185283, T11r213 * [82(—7’17‘27‘381 -T1 + €1 —Tr3ag —1rer3sias
+818283(—’r’17‘27‘382 ] + Cg — T1T3S2a1 — 11043

+51(F — r2a1 — 1171251525302)]

)+
)+
> =
)+
+53(F — rirgs18283a1 — rias)+
> =
)+
)+
> =

<31,$1>,

(s2,22),

(s3,23).
(31)

Multiplying from left by rirorsss, rirerssy, rirersse the second components of
the identities I, IT, I1T of the identities system (31) respectively, we get the following
system of three identities:

I. §983 - (F — T3a9 — TIoTr3s15253a3
+1- (—7‘17‘27’382 - X9 + Cg — Tr1T3S82a1 — 1103
+s5182 - (—7r1727r353 - T3 + €3 — r2a1 — r1725302 71727383 * T1,

II. Soag - (—7‘17‘27’381 -1 + C1 — T3a — Trors3sias

+1 . (—7‘17‘27’383 T3 + C3 — T'9a1 — Tr1719S83a2
II7.1- (—7‘17‘27’381 -1 + C1 — T3a — Tror3sias

)+
)+
) =
)+
+s51583 - (F — 7r1r3S8158283a1 — 7’1a3)+
) =
)+
8183+ (—rirerssSe - Ty + co — T1T3S2a1 — r1a3)+

) =

5189 (F — Toa1 — T1T9S815253a2

r17r2T3sy - T2,

T17T2r3S82 - I3.

(32)

Substitute for symbol F' in all identities (32) its expression from (29). Then,
after combining similar terms, as it is easy to verify, we get the following identities:

I. — (ro + 71713818283 + 117352 + T25182)a1 —
—(r17r283 + 135152 + 135253 + 1172515253)ag—
—(r15183 4+ 1rorgsy +ror3sy +ri)ag +cg +s152-c3 = 0,
I7. — (’r’28182 + 7r1r383 + r1r3se + T’Q)al—
—(r35253 + 11712515253 + 73 + r17253) A2 —
—(T’27‘3818283 + 718983 + 1ror3sy + T18183)a3 + c3 + S$983 - ¢Cc1 = 0,
IT1. — (rir3s18283 + 125183 + r1r3ss + ras182)a;—
—(r3 + 7r1res] + r38983 + r1ra83)as—

—(7’27‘381 +7r18183+7r1 + 7’27’3313233)a3 +c1 4+ s183-¢co = 0.
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Let us denote by —b1, —bs, —bs integer algebraic expressions consisting of all
terms of the left sides of the respective identities (33), except those containing certain
elements of ¢y, co, c3. By implication, the result of all operations implementation
in each of these expressions is, respectively, a certain well defined element from a
ring K. Therefore, the system of equalities (33) is the following system of linear
equations with unknowns ¢y, ¢s, c3:

ca+8182-c3 = by,
c3+ S983-¢c1 = by, (34)
€1+ 8183-¢ca = b3

with fixed arbitrary r; € K', a; € K (i = 1,2,3). It is easy to verify that in the ring
K of characteristic 3 the system of equations (34) has the following general solution:

c1 = s183b1 — 525302 — b3,
Cy = —b1 + 8182b2 — 8183b3, (35)
Cy3 = —8182b1 — b2 + 8283b3.

It is easy to see that all the process of transition from identities (26) to the
system of identities (33) is reversible, i.e. (33)< (26).

Thus, there really exist such elements cq,cs,c3 € K which can be defined by
formulae (35) and satisfy identities (33) as well as identities (26), with elements
¢; (j = 1,2,3) from formula (27) being just these elements ¢; (j = 1,2,3), which
can be defined by formulae (35).

By this, we have proved that for loop Q(A), defined on the set Q@ = K’ x K
by formula (18) and with fixed arbitrary sequence a = (r;, a;)?_, € Q3, for its LP-
isotope Q(B) there exists a system of substitutions ;; (4,7 = 1,2,3) of the set @,
which can be defined by the formula (27) and satisfy identities (26).

Therefore, by Definition 1, this LP-isotope Q(B) is a IP-loop. So, since LP-
isotope Q(B) of 3-loop Q(A) is already considered with fixed arbitrary sequence
a € Q3, then Q(B) is any LP-isotope of the loop Q(A), being an IP-loop. Then,
by Theorem 1, loop Q(A) with operation defined on the set Q = K’ x K by formula
(18) is a ternary Moufang loop. This loop is noncommutative and is not a 3-group.

Indeed, the following inequality takes place for operation (18):

A((s1,71), (52, 72), (53, 3)) # A((82,22), (81, 21), (83, 23)),

i.e. Q(A) is noncommutative. The notion of 3-group for quasigroup Q(A) on the
set Q = K’ x K is defined by the following identities:

A(A((s1,71), (82, T2), (53, 73)), (84, T4), (85, T5)) =

= A(<317‘T1>7A(<327x2>7 (337x3>7 <S47m4>)7 <S57m5>) =
= A((s1,21), (82, 72), A((83,3), (84, 24), (85, T5)))-

For Moufang 3-loop, defined by formula (18), these identities are not met for all
si € K',z; € K (i = 1,2,3). For example, with zo = 23 = 24 = 25 = 0, 71 # 0,



64 V.I. ONOI, L.A. URSU

s3 # 1, as it can be verified, not all of these identities are met, i.e. Q(A) is not a
3-group. It can be considered that this Moufang 3-loop is constructed with the help
of the initial ring K = Zs.

So, a ternary noncommutative Moufang loop which is not a 3-group is con-
structed.

4 Example of a ternary commutative Moufang loop different from
3-ary group

In [4, p. 42] a method for the construction of complete ring Ry of matrices of
order m over arbitrary ring R is given. Let us apply this method in the following
particular case.

Let Z5 be a ring of residue classes modulo 2. Operations of addition and multi-
plication of the ring Z5 are:

—i ol oI
Ol =l| =l
= ol -

[en]Nenl] Nen]]
=1 Ol =i

+
0
I

Let us consider set M of all possible upper triangular square matrices of order 4
of the following form :

11 0 T13 T14
e—| O Tu 0 T

0 0 11 0

0 0 0 T11

with elements from Z,, where z;; = 11 for all i = 1,2,3,4 and %11, Z13, T14, To4 are
any elements from Zs, the rest of the elements are zeroes 0. When defining by usual
way addition and multiplication for them, we get, as it is easy to verify, associative
(since Z3 is associative), but noncommutative ring M (4, -) with identity element.

0 00O
. 0000 - =
Zero matrix 0 = 04 = 0000l consisting of zeroes 0, serves as a zero
0000
1000
o . . . . 0100
element of this ring, and identity (unit) matrix £y = 5010 plays the role
0 001

of the identity element 1. Since the initial ring Zs has characteristic 2, then the ring
M, evidently, has also characteristic 2, i.e., 2z = x + x = 0 for Vo € M. The subset
M'" ={1,b,¢,d} C M, where 1 = E4 is the identity element of the ring M,
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b: 7d:

Ol = Ol
Ol OOl
=1 Ol Ol =
Ol = Ol
= Ol ROl

Ol Ol DI I
Ol Dl = O
= Ol
O O Dl I
Ol Ol =1 Ol
Ol Ol Ol =i
Ol Dl = O

(0 is zero element, 1 is identity element of the ring Zs) relative to matrices
multiplication, i.e., M’(:), as it is easy to verify, is an abelian subgroup in M*(-)
(where M* = M \ {0}), and such that mapping z — s-z is a substitution of the set
M with any s € M’, and s?> = 1 for Vs € M’. The order of the group M’ is equal to
4. Let us define the following ternary operation on the set Q = M’ x M of ordered
pairs of the form (s,z) € Q.

A((s1,1), (52, 72), (53, 23)) = (515253, 5283 - T1 + 5153 - T2 + 5152 - T3 + P(51, 52, 53))

(36)
for Vs1,s9,83 € M',Vx1,29,23 € M, where ¢ is the 3-ary function on M’ with the
value in M, which is defined by the following formula:

518983 + 1, where [ is any fixed element from M’
if the components s1, s9, s3 are pairwise different
©(s1,52,83) = (i.e. s1 # 52,51 # 83,82 # 83),
0 in other cases
(i.e., if not all of s1, s9, s3 are pairwise different).

It is easy to verify, that the 3-groupoid Q(A) with operation (36) is a 3-loop with
identity element (1,0), where 0 is zero element, 1 is identity element of the ring M.

Let us prove that this loop Q(A) is a commutative Moufang loop.

Really, as we have already showed, the LP-isotope of 3-loop Q(A) is defined by
formula (20). From the definition of i-translation of the quasigroup it follows that
L;H(@)(s;, ;) is an ordered pair of the form (s,z) from Q = M’ x M, i.e., equality
(21) takes place. Then identities (22) are equivalent.

Applying formula (36) to identities (22), the last become as follows:

1°.(s1,21) = (tirors,rors-y1 +tirs - as +tira - az + ©(t1,12,73)),
2°.(s2,x9) = (riters,tors-ai +rirs-ys +rite - az+ o(r1,t2,r3)),
3°.(s3,x3) = (rirats,rotz-a; +rits-as +rire2 - yz + o(ri, ra, t3))

for Vs;,ri,t; € M' and Va;,y; € M (i = 1,2, 3), where from the following equalities
result: t1 = rorssy, to = rir3sq, t3 = rireSs,

y1 = rors - (x1 — 1981 - ag — r381 - ag — @(rar3sy, ra,r3)),

Yo = 71173 - (T2 — 7182 - a1 — 1382 - a3 — @(r1,T17352,73)),
Y3 = riry - (T3 — 7183 - a1 — ras3 - a2 — (11,72, 717253)).
And, since the ring M has characteristic 2, i.e. —x = x for Vo € M, then the

following identities result:

(t1,y1) = (rorssi,rors - (X1 + 1281 - ag + 1351 - a3 + @(rar3si, 72,73))),
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(t2,y2) = (rirssg,mir3 - (v2 + 1152 a1 +r3se - as + o(r1,rirsse, r3))), (37)

(ts,y3) = (riress,mira- (3 + 17183+ a1 +ress-as + o(ry,r2,111r253))).

In view of identities (21)A(37) it follows that in the current case identity (20)
equivalently transforms in the following way:

B((s1,71), (s9,22), (s3,23)) = A(LT"(@)(s1,21), Ly ' (a)(s2,22), L3 ' (@)(s3,23)) <=

B((s1,x1), (82, x2), (83, x3))=A((rorss1, rar3-(x1+rasi-as+rgsi-as+p(rarssi, r2,13))),
(7"17"382, rrs - (332 + 7182 -a1 +1r382-as+ (,0(7‘1, r11382, 7"3))),
(rirgoss,rirg - (X3 + 1183 - a1 + ra83 - ag + @(r1,72,717253)))).

Applying formula (36) to the right side of the last identity, we get the following
identity:

B(<81,$1>, <82,l‘2>, <83,:E3>

(8159283, 8283 - (x1 + 1281 - ag + r3s1 - ag + @(rarssy, ra,r3
+5183 - (w9 + 11892 - a1 + 1382 - ag + p(r1, 117382, 73

)
)
) (38)
)

+ o+ +

+5189 - (w3 + 1183 - a1 + o83 - ag + p(r1, 72, 117283

p(rarysy, T3S, T11253)).

Thus, if a 3-loop Q(A) is defined on the set Q = M’ x M by formula (36), then
its arbitrary LP-isotope Q(B) can be defined by formula (38).

Let us demonstrate that for 3-loop Q(A) defined by formula (36) its LP-isotope
Q(B), that can be defined by formula (38), is a I P-loop. To that end, let us consider
the same identities (26) relative to the loop Q(B), defined on the set Q = M’ x M.

B({I;Zj <Sj7 $J>};;ﬁ7 B(<Sj7 l‘j>§?:1), {Dij <Sj7 xj>}§":i+l) = <Si7 l‘2>
for Vs; € M', Va; € M and for every i = 1,2, 3.
Let us define substitutions v;; (i,7 = 1,2,3) of the set @ for these identities by
the following equalities:

R E A (39)
for Vs; € M', Va; € M (j =1,2,3) and for Vi = 1,2, 3 with fixed arbitrary sequence
a = (ri,a;) € Q> where & (j = 1,2,3) are some elements of the set M, which are
to be determined.

Let us demonstrate that there exist such elements ¢;(j = 1,2,3) of the set M
that, relative to the loop Q(B), substitutions (39) defined by formula (38) meet
identities (26).

Let us at first suppose that there already exist such elements ¢;; (4,5 = 1,2,3)
that the substitutions 7;; (i,j = 1,2, 3) of the set (), defined by formulae (39), meet
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identities (26). As we have already demonstrated, identities (26) are equivalent to
the system of three identities (28).

1. B(B({(sj,x)3_1), P12(s2, x2), P13(s3, 73)) = (s1,21),
I1. B(im(s1,21), B({sj,2j)321), 23 (s3, 73)) = (s2,22),
I11. B(is1(s1,21), U2 (s, m2), B({sj,2;)3_1)) = (s3,23).
of

Let us denote the second component of the right side of formula (38) by

® = s9s3- (x1+ 7281 az +13s1-az+ p(rarssi,ra,r3))+

+  s183- (v2 + 1182 a1 + 1352 a3+ o(r1,r1r3s2, r3))+ (40)

+  s182- (¥3 + 1183 a1 + 71283 ag + o(r1, 72, 11r283))+

+ ©(rarssy, 11382, 111283).

Applying formulae (38) and (40) to the left sides of identities (28), we get that
identities (28) are equivalent to the following system of identities:

I. B((s15253,®), (s2, 22 + c2), (s3, 23 + ¢3)) = (51, 1),
II. B({s1,21 + c1), B({s15253, D)), (s3, 23 + c3)) = (s2,22), (41)
I11. B((s1,2z1 + c1), (2,22 + c2), (515253, P)) = (s3,x3).
Applying now the same formula (38) to the left sides of identities (41), but

relative to new components of the operation B, we get the following equivalent
system of three identities:

1. <818283 + 852+ 83,8253
(P 4 12515253 - ag + 13515283 - ag + p(rar3s15283,72,73) )+
+51525353 - (x2 + 2 + 1152 - a1 + 1382 - ag + p(r1,717352,73) )+
+51525352 - (x3 + €3 + 1153 - a1 + 1283 - ag + (11,72, 717253) )+
+(,0(7’27‘3818283, r173S82, 7‘17’283)> = <81, a;1>,
[I. (Sl + 8158283+ 83,85159253S53"
«(x1 4 c1 + 1981 - ag + 1381 - ag + p(rerssy, re,r3))+
+5153 - (® + 71515283 - a1 + 13515283 - a3z + p(r1,7173515253,73) )+
+51818283 - (3 + c3 + 1183 - a1 + 1r283 - ag + @(r1, 19, 717283))+
p(rar3s1, 173518283, 711283)) =  (S2,x2),
II]. <81 + 82+ 85152583,52515253
(w1 4 c1 + a8y - ag 4+ 1381 - az + p(rargsy, r2,r3))+
+51515283 - (T2 + 2 + 1152 - a1 + 1382 - ag + p(r1,r17352,73) )+

)
+s189 - (P + 11515283 - a1 + 12515283 - ag + p(r1, r2, riresiS2s3))+
)

+(ror381, 717352, 7112515253
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In view of properties of the ring M and its subgroup M’(:) and equality (40),

as it is easy to verify, the system of identities (42), after combining similar terms in
them, turns into the following system of three identities:

I. s983 - [s283 - (127381, 72,73)+
+8189 - (11,79, T17283)+

+5983 - (ror38189283, T2, T3)+
+s183 - (11,72, 717253)+

_|_

II. sis9 - @(rarssi,ro,r3

)+
+s1853 - p(r1,m17352,713)
]
)

_|_

—1-90(7“27"381,7‘17”382,7”17“283) +

+

+5983 - (11,72, 717253

T+

II1. s153 - @(rar3s1,ro, 13

+

+

+s152 - (11,72, T1T2515253)+

)

+5189 - [s283 - p(ror3si, ra,T3)
+s182 - (11,72, T17253)

)

_|_

5153 - p(r1,717382,73)+
@(ror3s1,T11382, 117253)] 4+
5189 - @(r1,711382,13)+
@(ror3s515283, 717382, 117T253)+

=

8189 - Cy + 8183 - c3 =
5183 - [8283 : 90(7‘27’381,7‘2,7’3)

5189 - (11,72, 717253)+
5153 - p(11,7173515253,73)+
)

©(rarsysy, r113515283, T17253)+

_|_

S182-C1 + s983-¢c3 =0

+

5283 * 90(7”1,7”17‘382,7"3)
5153 - @(11,7171352,73)+
@(ror3s1, 711382, 117253)] 4
@(ror3s1, T17r382, 117251 5253)+

5183 - €1 + s283 - ¢c3 = 0.

group M’, the system of identities (43) becomes as follows:

1. (,0(7‘27’381, 9, T‘g)—l—

+5953 - (1213518283, 72,73)+
+S182 - Co + 8183 - €3 =

I1. o(ry,r11382,73)+

+5153 - p(r1,7173515253,73)+
8189 - C1 + 8983 - ¢c3 =

IIT. @(ry,7r2,m17283)+
+5189 - p(r1, T2, r172815253)+

+8183-C1 + 8983 - C3 =

$983 - p(rar3s1, 1382, T1T283)+
p(rar3s18283, 111382, r11283)+
07

5153 - @(rar351, 717352, T17T253)+
@(ror3s1, T1713515283, 117253)+
0,

5189 - @(raT351, 717352, T17253)+
@(ror3s1, T17r382, 117251 5253)+
0.

(43)

After opening parentheses and in view of properties of the ring M and its sub-

(44)

In identities (44) we formally truncate all those terms containing function ¢ for

which not all their components are pairwise different, since the value of these terms
is equal to 0, and that is why they do not affect the identities implementing. For
each of the remaining terms, containing function ¢, its components are pairwise
different. Therefore, in view of formula (36) and properties of the ring M and its
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subgroup M’, the identities system (44) becomes as follows:

I. s+ 14 s2s3- (s18283+ 1)+  s2s3- (s18283 + 1)+
451 +14+ 8189y + 8183 - c3 = 0,
I1. sy + 1+ s183- (s18283+ 1)+  s183- (s18283 + 1)+ (45)
489+ 1+ 8150 ¢c1 + S983 -3 = 0,
II1. s3+ 1+ s182- (818283 + 1)+ s182-(s18283 + 1)+
453+ 1+ 8183 -¢1 + 8983+ g = 0

for Vs1, 9,83 € M’ and fixed [ € M'.
It is easy to see that the system of equalities (45) represents the following system
of linear homogeneous equations relative to the unknowns ¢y, co, c3:

§182-Cco + s183-¢c3 =0, S9co + s3c3 = 0,
§182-c1 +s283:-¢c3 =0, & sic1 + s3c3 =0, (46)
§183-¢c1 + s983-co =0 sic1 + soco = 0.

In this, it is easy to verify that in this ring M with characteristic 2 the system
of equations (46) has the following general solution:

c1 = 81, Cy = 89, c3 = 53T, (47)

where x is an arbitrary element from M.

It is easy to see that all the process of transition from identities (26) to the system
of equations (46) is reversible, i.e. (46) < (26). In this, each nonzero particular
solution (47) of the system of equations (46) gives some system of substitutions (39)
of the set M which really satisfy identities (26).

Then, according to Definition 1, the loop Q(B) is a JP-loop. Since LP-isotope
Q(B) of the loop Q(A) is considered with fixed arbitrary sequence a = (r;,a;) € Q,
then it follows that Q(B) is any L P-isotope of the loop Q(A), being just JP-loop.

Therefore, by Theorem 1, the loop Q(A), defined on the set Q@ = M’ x M by
formula (36), is a ternary Moufang loop.

It is easy to verify that this loop Q(A) is commutative. On the other hand,
it can be easily shown, that for loop Q(A) with operation (36) to be 3-group it is
necessary that the following identities to be satisfied:

s485 (81, 82,83) + @(s15283,54,85) =
s185 - p(s2,83,51) + p(s1,525354,85) = (48)
5182 - p(83,84,55) + (51, 82,535485)

for each s1, s9, s3, 54,85 € M.

But, for the loop Q(A), defined by formula (36), identities (48) are not satisfied
for all s; € M’ (i = 1,5). Thus, according to formula (36), for elements s; €
M’ (i = 1,5) such that sq, s9,s3 are pairwise different and s; # 1,89 # 1,53 # 1,
but s4 = s5 = 1, identities (48) reduce to the following identities:

©(s1,52,53) = 51 @(52,53,1) + @(s1,5253,1) = (51, 52, 53).
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Since in the subgroup M’ C M of order 4 product of any two nonunitary elements
is equal to the third nonunitary element of this subgroup, then in this case, s3s3 = s7.
Therefore, the previous identities reduce to the identity:

©(s1,52,83) = 51 ¢(s2,53,1)

or
$18283 + 1 = s1 - (s283 + 1),

wherefrom the following identity results:
= S1 - l

for Vs; € M'\1 and with the fixed [ € M.

The last identity evidently is not satisfied for all s; € M’. Thus, for 3-loop
Q(A), defined by formula (36), identity (48), generally speaking, is not satisfied,
i.e., 3-loop Q(A) is not a 3-group. So, ternary commutative Moufang loop, different
from 3-group, is constructed.
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