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1. INTRODUCTION

A set L endowed with three operations: multiplication, right division, and
left division, denoted by -, /.\, is called a loop if (L, -) is a groupoid with unit,
leLl,and z/y-y=2zy/y =y (y\z) = y\(yx) = x for all z,y of L. A loop
L is called partially ordered if L is endowed with a partial order (L, <) such
that if x < y then zz < yz, z/z < y/z, zo < zy and 2\z < z\y. If < is
actually a total order then the loop L is said to be linearly ordered. A loop is
said to be pre-ordered if any partial order can be extended to a linear order.
In connection with the study of partially ordered nilpotent loops, the question
naturally arises when these loupes are pre-ordered. This question was solved for
nilpotent groups. E.P. Shimbareva [1| showed that a partially ordered abelian
group can be pre-ordered up if it does not contain elements of finite order.
However, in 2|, A.I. Maltsev proved the theorem on the pre-ordered holds for
nilpotent groups as well as for locally nilpotent groups without elements of
finite order. In another way, this result was proved by A.H. Rhemtulla |3].

We show that the theorem on the property of pre-ordering takes place
for a wider class — the class of partially ordered locally nilpotent automorphic
loops (respectively Moufang loops) without elements of finite order.

We recall several definitions, results and notation. Some of them can be
found in [4], and also in [5].

For any elements x,y, z of loop L, the right associator (x,vy,z), the left
associator [x,y, z] and the commutator [x,y] are defined by the equalities

(2, y,2) = 2\((wy - 2)/y2), [z,y,2] = (xy)\(z - y2))/=

REV. ROUMAINE MATH. PURES APPL. 64 (2019), 1, 49-55



50 Vasile 1. Ursu 2

and
[z,y] = 2\(y\[=,y]) [5,VIU].

The group of inner mapping group J(L) of the loop L is generated by all
substitutions of the form

Ray = ReRyRyy, Loy =LolyLy;, To = RoLy" (2,y € L),

where
zLy =yR, = zy [4].

If all permutations of J(L) are automorphisms, then L is an automorphic loop
(or A-loop) [6]. The loop in which identity z(y - zy) = (xy - z)y is true is called
the Moufang loop.

The subloop H of the loop L is normal in L if one of the following three
equivalent conditions is satisfied

(i) H-2y=Hzx-y, x2y-H =x-yH, vH = Hux;
(i) HR,,=H, HL,, = H, HT, = H,
(iii) [H,L] C H,

where [H, L] is the subloop of L generated by all (left and right) associators and
commutators of the form (a,x,y), [z,y,a], [a,z], for any a € H and for any
z,y € L [4,5]. A normal subloop of a loop L will be called invariant subloop or
a normal divisor of a loop L.

The subloop of the loop L generated by all (left and right) associators and
commutators of the loop L is called the associate-commutator and is denoted
by L'. The center of a loop L is a subset

Z(L)={a€Ll| ax-y=a-zy, x-ya=xy-a, ax = za for any =,y € L}.

It is not difficult to verify that the associate-commutator L’ and the center
Z(L) are normal subloops of a loop L. A series of subloops

L=Ly2L12..2L,={1}

is called a central series of the loop L if each subloop L; is normal in L; 1, and
all of its factor-loops L;_1/L; are central, i.e.

or, equivalently,
[Li—la L} g Ll for all 1 S n,

where [H, L] is the subloop of loop L generated by all (left and right) as-
sociators and commutators of the form where (a,z,y), [z,y,a], [a,z], where
a € H, x,y € L. A loop having a central series with a finite number n of a
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subloop is said to be (central-) nilpotent, and the smallest such number n is
called the nilpotency class. It can be seen directly from the definition that the
nilpotent group consists of a class intermediate between the class of abelian
groups and the class of nilpotent loops, and the Abelian groups are nilpotent
loops of class 1.

2. MAIN RESULT

We need some statements from [5, Theorem 1] and from |7, Theorem 1],
which we formulate under one sentence.

PROPOSITION 1. A finitely generated nilpotent automorphic loop (resp.
Moufang loop) L satisfies the mazimality condition, that is, every subloop of
the loop L has a finite number of generators.

We shall also use the following assertion, which follows easily from ([5],
resp. |7]).

PROPOSITION 2. If L is a nilpotent automorphic loop (resp. Moufang
loop) of class n, then for any h,h' € Lo x, 2’ y,y' € L the following equalities
hold:

(hya,y) = [y, =, )~
(hhlvxvy) = h,x,y)(h',azjy ;

(z,y,hh) = (z,y,h)(z,y, h);
(h,za',y) = (h,z,y)(h, 2, y);
(h,z,yy") = (h,z,y)(h,z,y");

(h,z,y) = (y,2,h)"";
(h,z,y) = (2, h,y)(h,y,x) (resp., (h,x,y) = (z,y,h));
(b, x) = [h, z][W,x] (resp., [hh,z] = [h, 2]k, z](h, W, z)3);
[h,z2] = [h,z]|[h,2'] (resp., [h,z2'] = [h,z][h, 2](h,z,2")3.
A groupoid A of the loop L will be called invariant in L if the equalities
are true
tA=Ax, x-yA=uay- A, Ax-y=A-xy, for any x,y € L.

LEMMA 3. Let H - be a normal subloop of a nilpotent automorphic loop
(respectively, a nilpotent Moufang loop) L with a finite number of generators,
and A o tnvariant groupoid in L contained in H and contains the unit. If a
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suitable positive power of each element of the loop H is contained in the groupoid
A[H, L], then some positive power of each element of H is contained in A.

Proof. We determine inductively the series of subloops
HO > W > . oD O .

where H) = H, H® = [H*~! L] at i > 1. Since H is a normal subloop, then
HWY = [H,L] C H, therefore [HV L) C [H,L] = HD, i.e. HY is a normal
subloop of a loop L. Further, by induction, we verify that all the subloops
H® are normal in L. From the nilpotency of the loop L it follows that for
some s there is H®®) = 1. If s = 1, then H is a central subloop of L and the
assertion of the lemma is trivial. Therefore, suppose that the lemma is valid
for all automorphic nilpotent loops (respectively, nilpotent Moufang loops) and
their subloop for which we consider an automorphic nilpotent loop (respecti-
vely, nilpotent Moufang loop) L and its subloop that satisfy the conditions of
Lemma 3 such that H+1) =1,

We denote by A and H the images in the factor-loop L = L/H(i). By
the induction hypothesis, we conclude that for each element h € H there is
a positive number L such that h! = a -z, where a € A and z € H®). By
Proposition 1, the subloop H®™1) of L has a finite number of generators. Let
hi, ..., hq —the generators of the loops HG=D and g4, ..., gp — be the generating
loops of L. According to what has been said, we have hé = a;u; where a; €
A, u;e H® (i=1,....q).

It follows from the condition H®t1) =1 that the elements H(® lie in the
center Z(L) of the loop L. Since H®) = [H®~1 L] C Z(L), each element z €
H®) is the product of associators and commutators of the form [k, z,y], [z,v, h]
and [h, x|, where h € H6~V | 2y € L. Using the identities in Proposition 2,
we can represent z € H®) in the form

ij Bij

z= H (hir g5, 9:°") - H [hi, 95" ]
1<i<gq 1<1<gq
1<jk<p l<j<p

(resp.,

2= I Gugg™ - I (gD
1<i<q i<1<gq
1<j<k<p 1<j<p

Since all the factors of the right-hand side of the last equality are central
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elements, we obtain

1, /37,
2= I (higig™) I (kg
1<i<q 1<1<¢q
1<j,k<p 1<j<p
7, /81
= I1 (hlvgjaglj ]k) ) I1 [hiagj ]
1§ 1<q 1<1<gq
Jk<p I<j<p
7, /Bz
= H (azuzagjagk Jk) : H [aiuiag]‘ ]]
1<i<q 1<1<¢q
1<j,k<p 1<7<p
= H (alvgjvgg”k> : H [aivgfij]
1<i<gq 1<1<gq
1<j,k<p 1<j<p
(resp.,
2= I1 (hirgjr 9" ) - I1 [hiyg)"]
1<i<gq i <q
1<j<k<p J<p
= H (h ulvg]’gk“k) H [hlul,g;”]
1<i<q 1<1<¢q
1<j<k<p l<j<p
= H (azulvgmgk”k) : H [azuug;ym]
1<i<q 1<1<q
1<j<k<p 1<ji<p
= H (almg]?glj“k) ' H [alv.g;yw]) :
1 <gq 1 q

1<j<k<p 1<j<p
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Note ag = a1as...aq, where ay, as, ..., a4 are the above elements of A. But since
A is an invariant groupoid, for any a € A associators and commutators of the
form [a,z,y], [z,y,a] and [a, z] belong to A, it follows from the last equalities
that 2! € A. Therefore, we conclude that for every element h € H there exists
a positive number [ such that k' = a - z, where a € A and b’ € H® and for
which

e — (hl)l _ (az)z — P
and B € A. O

THEOREM 4. Every locally nilpotent automorphic loop (respectively, lo-
cally nilpotent Moufang loop) L without elements of finite order is pre-ordered.

Proof. Suppose first that the loop L has a finite number of generators. We
denote by A the collection of all elements of L greater than or equal to one.

A is an invariant groupoid in a loop L. Let H be the collection of those
elements of the loop L, some positive degree and some negative degree of which
are contained in A[L, L].

We show that H is a normal subloop of L. Indeed, if z,y € H then there
exists n > 1 such that 2™, 3",y € A[L, L], where y~! we denote the element
1/y. Then we have

(z-y)" ea” y"[L, L] S a™-y"A[L, L] C A[L, L],
(x/y)" € (wy ")"[L, L] C 2™ -y "A[L, L] € A[L, L],
(W\z)" € (z/y)"[L, L] € A[L, L].
Consequently x -y, z/y,y\x € H, i.e. H is the subloop. Since [L, L] C H then
H is a normal subloop in the loop L.

We now show that H is a convex subloop. Let h € H and 1 < x < h.
Then 1 <z < h,1<h-27'and y = h-2~' € A. By assumption, for some
natural number n we have h™" € A[L, L] and since y = h - 271, then

" = (x—l)n — (1 . x—l)n — (h—lh . x—l)n
= (h_l(h_la ha x_l) : hx_l)n € (h_l[L> L] : y)n
= (h-y)"[L, L] = (h7" - y")[L, L] = h™" - y"[L, L]
=h""A[L,L] C A[L,L]- A[L, L] = A[L, L].
Andsox € Aand 27! € A[L, L], i.e. x € H.

From the definition of H it is clear that if for some x € L and 2™ € H,
then for some natural number n we have 2™" € A[L, L] and x € H. Hence the
factor-loop L/H does not contain non-unit elements of finite order . Further,

L # H, since from the equality L = H, by Lemma 3, it follows that for each
there a € A exists a natural number n such that a™ € A, that is, a™™ > 1,
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which is impossible. We now H; = H and then construct the chain of convex
normal subloops in the following way. We now assume H; = H and beyond
we construct a chain of convex normal subloops in the following way. Let the
normal subloop H; be built. We denote A by the set of elements greater than or
equal to one. Obviously A; = AN H;, so that A; is invariant groupoid in L. We
denote by H; 1 the collection of elements of H;, some positive and some negative
degree of which is contained in A;[H;, L]. It is easy to see H;;1 — that is a convex
normal subloop of a loop L and that the factor-loop H;/H; 1 is torsion-free. By
Lemma 3, the equality H;11 = H; is excluded and takes place a strict inclusion
H; D H;y1. Thus, a decreasing series L D Hy D Hy D ... of convex normal
subloops of loops L is constructed. The relationship H;y; D [H;, L] shows,
that this is a decreasing central series. From a finite number of generators of a
loop L and the fact that all factors of the chain are torsion-free abelian groups,
it follows, that the chain in the finite place ends in unity. Since all factors are
preordered, it follows that the loop itself is also pre-ordered.

Thus, it is shown that every finitely generated partially ordered nilpotent
automorphic loop (corresponding, Moufang loop), without elements of finite
order, is pre-ordered. However, by virtue of the local, if every sub-shell with a
finite number of generators of a partially ordered loop is pre-ordered, then the
loop itself is also pre-orderable. [
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