TJMM

14 (2022), No. 2, 177-188

NEW 3D THERMOELASTIC INFLUENCE FUNCTIONS,
CAUSED BY A UNITARY POINT HEAT SOURCE,
APPLIED IN A QUARTER OF LAYER

VICTOR SEREMET"2 AND ION CRETU!:2

ABSTRACT. The aim of this paper consist in the constructing of the main thermo-
elastic displacements Green’s functions (MTDGFs) for a generalized 3D BVP of un-
coupled thermoelasticity for a quarter of layer. To reach this aim are derived struc-
tural formulas for MTDGF's, expressed via respective Green’s functions for Poisson’s
equation (GFPE) by using harmonic integral representations method (HIRM). These
structural formulas are validated by the checking the equations of thermoelasticity
with respect to point of response in which the thermoelastic displacements appeared
and with respect to point of application the heat source and the nonhomogeneous
Poisson’s equation. In addition, they satisfy the homogeneous mechanical boundary
conditions for MTDGFs with respect to point application the displacements and to
mechanical boundary conditions and temperature Green’s function with respect to
point of application the heat source. The thermoelastic volume dilatation (TVD) de-
rived separately from respective integral representations has been equal to the TVD
derived by using structural formulas for MTDGFs. The final analytical expressions
for MTDGF's obtained on the base of mentioned above structural formulas for sixteen
new 3D BVPs of thermoelasticity within quarter of layer contain Bessel functions of
the zero-order of the second type. These results are presented graphically.

ABBREVIATIONS

HIRM - harmonic integral representation method;

MTDGPFSs - main thermoelastic displacements Green’s functions;
3D - three dimensional;

BVP - boundary value problem;

GFPE - Green function for Poisson Equation;

HIRs — harmonic integral representations;

GF's - Green’s functions;

TVD — thermoelastic volume dilatation;

IFs — integration formulas.

The obtained in this paper results are considered for uncoupled thermoelasticity, in
special for theory of thermal stresses, theories of which are presented in the classical
[M-[7 and modern [§] scientific literature. The TVD, MTDGFs and IFs were derived
In this paper is proposed the development of the
HIRM to derivation of thermoelastic structural formulas for a generalized BVP, which

by using HIRM in the works [9]-[16].

1. INTRODUCTION
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FIGURE 1. The scheme of the quarter of layer V = (0 < 21 < 00,0 <
x9 < 00,0 < x3 < az) with boundary quadrants I'3o((0 < 21 < 00,0 <
x9 < oo,x3 = 0)), I'31(0 < 21 < 00,0 < 29 < 00,23 = a3) and with
boundary half-strips I'1p(z1 = 0,0 < 22 < 00,0 < 23 < a3) and ['g(0 <
1 < 00,9 = 0,0 < 23 < a3).

will permit to the readers to obtain analytical expressions for TVD, MTDGFs and IFs
for sixteen BVPs for the quarter of layer (Figure [1f).

Objectives

The main objective of this paper is to develop HIRM in such a way that the readers
will be able to derive the analytical expressions for TVD, MTDGFs and IFs for sixteen
new locally-mixed 3D BVPs of thermoelasticity within the quarter of layer V.

2. FORMULATION OF THE GENERALIZED BVP FOR THERMOELASTIC
QUARTER OF LAYER

The generalized BVP to uncoupled thermoelasticity for determining structural formu-
las for MTDGFs for displacements U;(x,&);4 = 1,2, 3 within the quarter of layer consist
from Lame’s and Poisson’s equations:

K Vi Ul(‘r’f) + ()‘ + IU’)G),L‘ (.’1?75) - ’YGT,Iz‘ ($7f) =0;1=1,2,3; (1)
szT(I,f) = 76('1 - 6)7I = (Ilax27x3)7£ = (61752753)5

where

2 - 3D Laplace differential operator; \,u - Lame’s constants of elasticity; © =
Us;z;(2,8) - TVD; v = a(3X + 2u) is the thermoelastic constant, « is the coefficient
of linear temperature dilatation.

In addition, MTDGF's have to satisfy the following sixteen possible combinations of
the boundary conditions for U;(y,§),i = 1,2,3, thermal stresses o;(y,§);4,j = 1,2,3,
and GF Gr(y, ) for temperature or its derivative on external normal dGr(y, £)/dnr:

Ul(yv 5) = O—TZ(ya g) = UTS(y, f) = O; aGT(yv 5)/8nF10 = 0;

2
§eViy=(0,92,y3) € I'io; @

or

o11(y:8) = Ua(y,§) = Us(y,€) = 0,Gr(y,€) = 0;§ € Viy = (0,92,93) € T'1o; (3)
on the boundary half-strip I'1o(y1 = 0,0 < y2 < 00,0 < y3 < a3), and
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UQ(?Jv 5) = 0';1 (yv g) = 0;3(2/7 f) =0, 6GT(yv g)/aano =0;

§eViy=(y1,0,y3) € ao;
or

052(y7€) = Ul(y7§) = U3(y7§) = 07 GT(:U,&) = ng € V7 y= (yla Oa 93) € FQO; (5)
on the boundary half-strip T'2(0 < y1 < 00,92 = 0,0 < y3 < a3).

O'Z"’:l (y7 f) = 0?’:2(3/7 f) = U3(y7 E) =0, aGT(yv g)/anFso =0;

6
§€Viy=(y1,¥2,0) € I3p5 (6)
or
Ui(y,§) =U2(y,§) = 033(y,§) = 0,Gr(y.§) = 0:§ € Viy = (y1,92,0) € ['so; (7)
on the boundary quadrant I'so(0 < 31 < 00,0 < yo < 00,y3 = 0).
O.;:l (y7£) = 0?’:2(2/76) = U3(y7£) = 0) 6GT(y7£)/8nF31 = 01 (8)

§eViy=(y1,92,a3) € Tzy;
or

Ur(y,€) = U2(y,€) = 033(y,€) = 0,Gr(y,§) = 0;6 € Viy = (y1,42,03) €Ts1; (9)
on the boundary quadrant I's; (0 < y1 < 00,0 < yo < 00,y3 = as).

3. GENERAL INTEGRAL REPRESENTATIONS FOR TVD aAND MTDGF's

To derive the structural formulas for TVD and MTDGFs we use the following general
integral representations of HIRM [10]-[13].

O(x,&) =

)\+2

Got.)+ [ |52 005 | Golwpary  (10)
T

- for TVD ©, and

A+

7551
Ui(z,§) = GT( ) — 2

()\+2 )

0 0G;(z,y) Yi )
+!%muw&w—am‘}Pm%o+mgu+mm%@—wﬁm@@ﬂ@»

1=1,2,3;
- for MTDGFs U;.

The general integral representations and in the particular case of quarter of
layer V' can be rewritten as following:

0. = 115G +§;/rfio 0(1.6) 5| Gl t)dTialy
90(y, §) 0 .
+/[am$—@mo%my%wwﬁﬂw (12)



180 VICTOR SEREMET AND ION CRETU

- for TVD O, and

>\+;L

Ui, 6) = 5 Gr(w §) = =5 Fai0.€) = 55 s 6Gi(2,6)

> [ [l gy af} 13

k= 1Fk0

‘ [ny, &+ L[+ WO &) —1Gr(, 5)}] A0 (1)

aGi (J?, y) 0 .

15558 6o o | [0 + 2210+ 10000 €) — 26061 )

sy

1=1,2,3;
- for MTDGFs U;.

In addition, the boundary conditions (|2 @D can be transformed in equivalent bounda-
ry conditions if it is taking into account the following links between displacements Uj,
stresses 07;, TVD © and respective GFPE G, Ge on boundary half-strips I'19,I'20 and
on boundary quadrants I's;;4 = 0; 1 of the quarter of layer V. So, if U; = 0, then G; = 0;
if U; , = 0, then G;,, = 0. Also, if zero normal displacements, zero tangential stresses
and G, = 0 are given, then © , = 0 and Gg , = 0. Finally, if zero normal stresses, zero
tangential displacements and G = 0, then © = 0 and Ge = 0 [9]-[12], [14], [15]. Also,
if temperature T or heat flux adT/On are given on the marginal planes or their parts
(straight lines or their parts), then on these planes or their parts (straight lines or their
parts) G = 0, or 9Gp/In = 0, respectively. In such a way, the transformed boundary
conditions - @ looks as following equivalent conditions:

Ur(y,€) = 012y, &) = 013(y,€) = 0,Gry, (y,£) =0 =
Ur(y,€) = Urys (4,€) = Uz 4, (4,€) = U1y, (y,€) = Uz, (y,€) =0 =
@791 (yvf) = G17y3 (y,f) = GQ,?ﬂ (yaf) =Gy (y,ﬁ) = G@,y1 (y,ﬁ) = (14)
Gry, (y,€) = 0;§ € Viy = (0,92,93) € To;
or

o11(y,§) = U2(y,§) = Us(y,£) = 0,Gr(y,{) =0 =
Us(y,€) = Us s (y,€) = Us,y, (4,§) = Uz, (y,€) = Uz (y,§) = 0 =
O(y,€) = G145, (y,8) = G2(y,€) = G3(y,§) = Go(y,§) = (15)
Gr(y,§) = 0;€ € Viy = (0,2, y3) € 'o;
- on the boundary half-strip I'1g(y1 = 0,0 < y2 < 00,0 < y3 < ag), and

Ua(y, &) = 051(y,§) = 033(y,€) = 0,Gry,(y,6) = 0=
Ua(y,€) = Ua,ys (4,€) = Uz y, (4,€) = Ur,y, (¥,€) = Uz, (y,€) =0 =
0., (1,8) = G245 (y,§) = G134, (¥,§) = G2(y,§) = Goy, (v,§) = (16)
Gr,y,(y,6) = 0,6 € Viy = (y1,0,y3) € Dap;
or

J;Q(yag) = Ul(yag) = U3(y7£) = 07 GT(yag) =0=
US(@/:&) = U2,y2 (yaf) = US’ZH (y7§> = Ul,y1 (yag) = Ul,yz (yvg) =0=
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®(y75) = Gl(yag) = Gd(yag) = G2,y2 (yvg) = G@ (yvf) = (17)
Gr(y,§) =0;6 € Viy = (y1,0,y3) € I'ao;
- on the boundary half-strip I'yo(0 < y1 < 00,92 = 0,0 < y3 < as),

U3(y7£) = U;l(yvé.) = U;Q(:%g) = Oa GT,?J:S (yag) =0=
US(yvé-) = Ul,yzs (yag) = U3,y1 (yvg) = UB,y2 (yvf) = U2,y3 (yvg) =0=
64/3 (y7£) = Gl,ya (%f) = GQ:yS (yaé-) = G3(y7€> = G@’yz (yaf) = (18)

Grys(y,6) = 0;€ € Viy = (y1,92,0) € T'sp;
or

033(y, &) = U1(y,€) = Ua(y,€) = 0,Gr(y,§) = 0=
Ur(y,6) = Uty (4,€) = Uty (4,€) = Us 5 (4, €) = Uz, (4, €) = Uz, (y,€) = 0 =
Oy, &) = G1(y;€) = Gy, (y,€) = G2(y,§) = Go(y,§) = (19)
Gr(y.§) = 0;§ € Viy = (y1,42,0) € I'so;
- on the boundary quadrant I'sp(0 < y; < 00,0 < ya < 00,y3 = 0);

U3(y7£) = O'§1 (yvé-) = U;Q(yvé-) = Ou GT,ys (yvé-) = 0 =
U3(y7€) = U17y3 (yaf) = US,y1 <y7€> = US,yz (yaé) = U2,y3 (yvg) =0=
®ay3 (yvf) = Gl,y3 (y7£) = GQ,ys (yvg) = G3(ya§) = G97y3 (y,i) = (20)

Grys(y,€) =0;€ € Viy = (y1,y2,a3) € a5
or

033(y,€) = U1(y,§) = U2(y,§) = 0,Gr(y,§) =0 =
Ur(y,€) = Ury, (4, €) = Ury, (4,§) = Us,ys (y,€) = Uy, (,€) = Uz, (y,§) =0 =
Oy, &) = G1(y,£) = Gz, (y,§) = G2(y,§) = Go(y,§) = (21)
Gr(y,§) = 0;€ € Viy = (y1,¥2, a3) € Ta;
- on the boundary quadrant I's; (0 < y1 < 00,0 < y3 < 00,y3 = as), where
o5, = (Ui ; +Uji) +0i(A0 —7Gr), (22)

and 9;; is the Kronecker’s symbol and G is GFPE for temperature.
Taken into account the equivalent boundary conditions - for © and Gg , from
integral representation , follows that the TVD O(x, &) is written in the form:

O.€) = 35 Golw.) (23)

This can be explained by the fact that for each boundary conditions on half-strips
T10,9 - and on quadrants I'3g, '3y - (21), for any combinations of the
boundary conditions - , the integrals in Eq. (12) vanish. Therefore, the final
formula for TVD looks as in Eq. . But, from boundary conditions - for Go
and G follows Gg(z,§) = Gr(z,£). This last result and Eq. leads to the following
final structural formula for TVD:

g
A+2p

9(3775) = GT(x7€> (24)
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4. STRUCTURAL FORMULAS FOR MTDGFs

Substituting, the structural formula and boundary conditions ([14)) - into Eq.
, it is seen that these integral representations can be simplified substantially, therefore
we obtain the following structural formulas for MTDGF's:

Ui(2,8) = 5033y (11670, = G, €)); (25)
Ua,6) = 505 gy (2267, 6) = Gl 6)); (26)

Us(x,€) = m {23Gr(2,€) — &G (x, &)
+ a3 / ((w - Gs(w,y)afrm> Gr(y,€)dl1(y) 0

The integral in E:; can be calculated as follows:
h(w.§) = [ (2550 Ga(e) 50 ) Grly. ()
Iy

= &G3(2,€) — 23Gr(2,€) (28)

- / [21G 1, (2,8) — &G g, (2, 8)] dag — / [2GT 0, (7,8) — £2Go 0, (7, )] d3.

Thus, substituting in , we obtain the final structural formula for Us(z,&) in
the form:

Us(e.6) = ~ 5525 / [1Gr, (2, €)

7£1G1,m1 (Ia 5) + xQGT,rg (I, 6) - §2G2,mg (1'7 5)] dl‘g,
in such a way that the TVD calculated on the basis of structural formulas , and
(29):

(29)

g
O(x,&) = U, i(z,8) = T
coincides to the respective TVD given by equation , which was calculated indepen-
dently by using integral representations (12)), boundary conditions ([14)-(21]) for ©(z,¢)
and GFPE Gg(z,§), Gr(x,§).

Also, the validation of the obtained structural formulas for MTDGFs , ,
and TVD by using HIRM [9]-[I6] was done by using the main formula of GO-
convolution method [19]:

Gr(z,§), (30)

Uiz,6) = / Gor(z,£)0 (z, 2)dV (2), (31)
1%

where
O (z, 2) is the influence functions for volume dilatation, created by a unit point force,
presented for different BVPs in handbook [17].
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Thus, according to the formula , the validation of the obtained structural formulas
for MTDGFs , , and TVD (24]) consist in the satisfaction of the following
additional BVPs:

1) With respect to the point z = (x1,22,23) MTDGFs U;(x,£) have to satisfy
generalized BVP Lame’s type equation:

pVRUi(2,6) + (A + )0, (2,€) = VGra,(2,€) =0, (32)
and mechanical boundary conditions - @D
2) With respect to the point £ = (£1,£2,&3) MTDGFs U;(z, ) have to satisfy gene-
ralized BVP, which consist from equation:

ViUi(z,€) = —v0" (2,9), (33)
and thermal boundary conditions - @D

To note that the obtained structural formulas for MTDGF's (25)), 7 and TVD
(24) were proved for generalized BVPs, which consist from Eq. (1) and every combination
(from sixteen possible) boundary conditions - @ or -

5. AN EXAMPLE OF DERIVATION ANALYTICAL EXPRESSIONS FOR
TVD O(z,£) AND MTDGFSs Uj(z, €)

To derive analytical expressions for TVD O(x,£) and MTDGFs U;(x,€&) we have to
use the respective structural formulas for TVD , for MTDGF's , , and
analytical expressions for GFPE: Gr and G1, G2, G35 in according to respective combina-
tion of boundary conditions - and the handbook [I7] (see the Problems 20.P.1
- 20.16 and answers to them).

Example. To derive analytical expressions for TVD and MTDGFSs inside of the
thermoelastic quarter of layer for the BVP, which consist from Eq. and boundary
conditions , , @, and or , , and .

Solution:
a) In according to respective combination of boundary conditions , , @, and

or (14), (16), and and the handbook [I7] (see Problems: P.20.6,
P.20.14, P.20.10, P.20.2) we obtain the following analytical GFPE G1, G2, G5 and

GTZ

G =G9:Gy =G";Gs =G Gr =GP, (34)
b) We rewrite structural formulas for TVD , for MTDGF's , and

in the form:

O@.6) = 5175, 01(58) = 515,67, (35)
Ui(2,6) = 53 [P107(5,) = 6161 (2, €)

= sor g (167 @6 — 6606 )| (36)
Ua2,6) = 35y 426 (@:€) = &Ga(w,€)

= S0t (207 @6 - &6 (37
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U3($’§) = —M/[leT,wl(xa@

*§1G1,z1 (:L', 5) + xQGT,x2 (l‘, f) - gQGQ,rz (.’ﬁ, 5)] de

- _ﬁ/ {le,(iz(ﬂ«"’ﬁ)

~&6G 9 (2,8) + 212G (2,€) — &GUY(2,€)| drs;

¢) From handbook [I7] (see Answers to Problems: P.20.6, P.20.14, P.20.10, P.20.2)
we rewrite the following analytical expressions for GFPE G(2), G(®), g(10) q(14).

(38)

G (z,€) = —Z Ko(pr) (39)

nm
+Ko(pr1) + Ko(pira) + Ko(pir12)] cos pr123 cos p1€3; iy = oo
3

GO (z,6) = Z Ko(pr) (40)

nim
—Ko(p1r1) + Ko(pare) — Ko(pim12)] cos puy w3 cos pnés; pn = o
3

GO (z,6) = — [Ko(par) (41)
mas
n=1
. . nw
+Ko(puar) + Ko(pare) + Ko(piri2)] sin pyas sin pi&s; g = P
3
1 o0
(14) _
GV (z,6) = ras ; [Ko(pir) (42)

nm
+Ko(pr1) — Ko(pira) — Ko(pir12)] cos pr1x3 cos p1€3; iy = o
3

where the functions Ko(p17), Ko(uir1), Ko(pire) and Ko(piri2) are modified
Bessel functions (or cylindrical functions) of the zero-order of the second kind:

r=v(z1— &)+ (z2 — &)%m1 = V(w1 + &) + (22 — &)%

ro=+/(z1 —&)2+ (X2 + &)% 12 = V(21 + &)2 + (32 + &)
d) ) Calculation of the analytical expressions for MTDGFs Us(x, &) by using Eq.

(38):
Us(z,§) = ()\_7_2'“)/ {lefﬁf(r,E)
660 (.6) + 2262 (2.€) — 6C0(2.6)] day
__ 7 3
= Sran(\ T 2 7;1 [rKy(pir) (43)

+r1 K (par) + re K (pare) + rioKa (pari2)] sin gy s cos i és;
where
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0 0
Ki(pur) = —WKO(M1T)7K1(H1T1) = WKO(M1T1)7 )
0 0
Kl(ulrz) = *MKO(,UJTQ);Kl(NlrlQ) = - mf(o(,ul?”u),

are the modified Bessel functions (or cylindrical functions) of the first-order of
the second kind.
e) Final analytical expressions for TVD and MTDGFs within thermoelastic a quarter-

layer for BVP (| . @ . obtained by using structural formulas (35 -
1 8) and GFPE (39 D can be written in the form:
0.6) = -G (w,6) = — L " [Ko(ur) (45)
A+2u mwaz(A + 2u) —

nim
+Ko(pu1r1) + Ko(pare) + Ko(piri2)] cos py a3 cos i €3; py = o
3

- for TVD, and

gl

Ui(#:6) = 35y (1160 @8 660 @) = 5 s

2(A+2u)

x> Az = &) [Ko(par) +Ko(pra)] + (21 + &) [Ko(pary) + Ko(uari)]} (46)

n=1
nmw
X €OS p123 cos p1€s; i = —;
as
_ v ) ) - r
X Z {(z2 = &) [Ko(par) +Ko(puar)] + (z2 + &2) [Ko(pare) + Ko(pari2)]} (47)
n=1
nm
X COS [11T3 COS (41&3; 1 = —;
as
_ b (2)
_ (6) ( (14) — 4 4
&G (2,6) + 2265 (2,8) — &G, (=, 5)] 93 = Ot 200 1)
x Z [rKy (par) +r1 Ky (pary) + oKy (pare) + ri2 K (p1r12))
n=1
' nm
X sin gy w3 cos pié3; i1 = —;
as
- for MTDGPFss.

To be noted that, if in the equations — will be omitted the terms,
which contain o and r12, then we obtain the respective analytical expressions for
TVD and MTDGFs within thermoelastic half-layer [18].
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6. GRAPHICAL PRESENTATION OF MTDGFS FOR THERMOELASTIC QUARTER OF
LAYER

Graphs of the thermoelastic displacements U;(z, ) within the thermoelastic quarter
of layer V, caused by a unit heat source applied in the point (£ = (&1,&2,&3)) were
plotted by using the soft Maple 18 and the following values of the constants: Poisson
ratio v = 0, 3; modulus of elasticity E = 2,1 - 10° M Pa and coefficient of linear thermal
dilatation a = 1,2-1075(K~1).

Using the exact expressions - , the graphs of the MTDGF's U;(x, &) in depen-
dence of z1, x3, within the thermoelastic quarter of layer V for 0 < 1 < 10m; x5 = 2,1m;
0 < z3 < 2m, caused by a unit heat source applied in the point & = 5m, & = 2,83 = 1m
are presented in the Figure 2] (U;(z,€) - Figure 2a); Ua(x,€) - Figure [2b) and Us(z,€) -
Figure 2c)).

a)

FIGURE 2. Graphs of MTDGF's U;(z, ) within the thermoelastic quarter
of layer V for 0 < 7 < 10m; o = 2,1m; 0 < z3 < 2m, caused by a unit
heat source applied in the point £&; = 5m, & = 2 and £3 = 1lm.
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In the Figure |2| can be observed:

1) All graphs were plotted by the soft Maple 18;

2) In the Figure |2, all graphs have jumps in the point £ = 5m, & = 2,3 = 1m
of application of the unit point heat source. In this point the MTDGFs achieve
maximal values;

3) All graphs of MTDGFs at infinity vanish;

4) The graph in the Figure [2Ja) is symmetrical in rapport with the plane z3 = 1m.
The boundary condition U; = 0 for 21 = 0 is met (see eqn. (2));

5) The graph in the Figure [2b) is symmetrical in rapport with the planes x3 = 1m;

6) The graph in the Figurec} is asymmetrical in rapport to the plane x3 = 1m.
The boundary conditions Us = 0 for 3 = 0 and x5 = 2m are met (see equs.

©):; @)
CONCLUSION
On the base of analytical expressions for TVD and MTDGFs given in the Egs. -

(48) (see Example) for BVP in Eqgs , , , @, and respective IFs the readers
will be able to obtain many particular solutions of 3D BVPs for a thermoelastic quarter
of layer. Analogical results for TVD and MTDGF's can be obtained by them for remained

fift

(1]
2]
(3]

3

[9

(10]

(11]

(12]

(13]
(14]
(15]

(16]

(17]

een combinations of the boundary conditions.
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