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Abstract— This paper relates the numerical solution of
one of the well-known problems related to production
systems. Namely, it is about Days-Off Scheduling Problem,
which is reformulated in terms of non-convex minimization
problems with quadratic constraints. After relaxation of the
above problem, a model based on second-order cone
programming is obtained.
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L.

One of the most frequent and at the same time most
difficult organizational problems is the days off planning
of the employees of the economic production units
provision of services or trade such as IT companies,
hospitals, restaurants, stores, public transport, etc. The
problem is to minimize the number of working days,
satisfying the working conditions and individual
preferences of employees.

Such problems were first formulated in terms of
integer linear programming by Danzig [1] in 1954. Over
the years the problem of planning the working hours of
employees in different companies has been addressed by
many researchers: in the field of public transport services
[2,3], hospital staff scheduling [4,5], scheduling days off
[6,7,8,9]. The paper [10] presents a detailed study of the
classification of workforce planning problems.

The issues discussed are part of the NP-hard class,
being combinatorial optimization problems.

In practical situations the problem is an optimization
problem in integers which makes it difficult and time
consuming to build a good algorithm.

In this paper, the authors treat the model proposed in
[11, 12] to maximize the number of consecutive days off
for employees of an economic unit, which is based on the
construction of a quadratic programming problem.

The following notation is used in this paper:
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T, —
X'y = XXy (1
for the inner product of column vectors x and y;
xT denotes in (1) the transposition of x and x7is a row
vector;

|| x ||2 — v/ xTx— the Euclidean norm of a vector x;

x; - denotes the i*component of x;

g; — the vector with all components equal to zero, except
the i* component which is equal to one;

I — the identity matrix.

II. THE DAYS OFF PLANNING PROBLEM

This paper will focus on finding a solution for
maximizing the number of consecutive days off of the
employees of a specific IT company.

The following notation is used:

p — number of emplyees
Ti — number of days-off for the i employee of the week, in

i€{1,2, ...,p}

n; — number of necessary employees in the day £,

ke{12, ..,7}

the constraints for satisfying daily work requirements,
such as a specific task to be assigned to a class of workers
that have abilities for it

c=1(c1,C5,...,C7)
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¢y is the class of workers ¢; that is necessary for
accomplishing a specific task for the day k&
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For each i€ {1,2,..,p} worker it is introduced 7
binary variables x;, k€ {1,2,3,...,7}, such that

1,if the k day is an off — day
x € for the k worker (2
0, otherwise

The matrix

X11%12X13X14X15X16X17
X91X29X23X04X0:X2eX
¥ = 21X22X33X24X25X 06X 27 e RPX7

xplxpzxpgxp4xp5xp6xp?

The main objective is maximizing the number of
consecutive days off in a week.

Then it can be defined the objective function as
follows:

v &
g(x) = Z( Xig Xigs1 T Xi7 Xi7) =
i=1 k=1
6

o
= Z( Xik Xigs1 T Xi7 Xi7)

i=1 k=1

The column vector is noted

X = (X11X12.. X17, X21X22... X27
n
Xp1Xpz - Xp7) € R
n=7p

x ER"

The following notations are used
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The folowing constraints are defined:
L For each day £, the number of workers who take
this day off is p — n;..

p
—’inkZP—nk. kE{l,,?}
i1

I )
The following notations are used
10.:010...0...... 10...0
re 0 ..l ..l EG..l ..l E ---u--G..l ..l E
A — » L] L] »
0 N N | IO Al ©
0..000...01...... 0..01
p— nl\
- p—n;
b= : @)
pP—ny
SO
_ﬂx = b
It is noted that
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((1 0 ...0\ {1 0 ...0\ {1 0 ...0\\ A, =(A, A, .. A,) € Rpxn
a _11o1_ o101 o0lro1. o0t
ag — 11 R R e |

o577/ \6571/\5577/) ]

Ax=T
i.e. III.  The constraints defined by the tasks of the day is
A, = (I11..1)€R™™ aset
II.  Each worker has T; days off during the week ¢ = (€162, 0.
Xy, + X+ x,=T, Where ¢ is the class of workers g, € {1,2, ..., 74},

Xag + Xgg + o+ X9y = Ty which is needed to perform the specific task for the day
b= ® ke{L2,..,7}

*p1 + Xp2 ot Xp7 = TP These classes are determined by the company and are

with the matrix represented by the matrix 4, € {0,1}2*" such that

1.1.10..0.0.0.0.0 1, the presence of the worker i

Qi = is required onday k (10)
A =(0..0+-01..1+1..0..0..0 |, 9 0, otherwise
0..0..00..0..0..1..1...1 and
and the vector A,x=0
T Considering the above restrictions and notations, the
T, problem of scheduling consecutive days off of workers is
T = reduced to solving a quadratic programming problem.
III. QUADRATIC PROGRAMMING MODEL [12]
T, Consider the quadratic programming problem:
Example, for p = 3, y(x)=xTQx — max
X1p+ Xip + Xyz +xps F Xy Fxge Fxgy =Ty Sublectto
121‘*‘122‘*‘123‘*‘124‘*‘125‘*‘?525‘*‘4‘52?:12( i
- 1 - 1 - 1 - 1 - 1 1 - ™ [ Aﬂx - bl
Xgzq T X372 T X33 T Agq4 T X35 T XAgzg T Ag7 — L3) —
Ax=T, (11)
Azx = 0,
_ 1111111 0000000 0000000 x €{0,1}"
A, =(0000000 1111111 0000000 |,
0000000 0000000 1111111
and The following notation is used
0Oo000O0O0O0 Ao
A;=1 1111111 | « therowi —
BEE B REE REE EEE R R Az
0Oo000O0O0O0
m=14 +p,
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n=7p xTM;x —elx <0,
from which
bi’
b:(T € RT" xXT(My+Dx—elx—xTx <0, (12)
0
where

The problem can be formulated as follows:

f(x)=—g(x)=—x"TQx - min

subject to
Ax = b,
x €{0,1}"
IV. SOLVING THE PROBLEM OF QUADRATIC

PROGRAMMING

Because it their high level of difficuly, to solve these
problems obtained by quadratic programming, there are
many methods [12, 17,18].

The authors propose to solve these problems using
second order - cone programming relaxation.

V. A SECOND ORDER — CONE PROGRAMMING
RELAXATION [13]

The conditions that x; are binary are equivalent to the
non-convex quadratic constraints:

which in turn are equivalent to the following constraints:

2

xf —x; =0,

Tl —x)) = ':]-j

Define M; = e;el - the matrix whose all entries are zero,
except the (i,i) entry which is one:

0 0 0
M, =]|0 1 0 0]|<i
0 0 0
i

The constraint x? — x; < 0 can thus be reformulated as:
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x = (x1,%5, ..., x)T.

It easily observed the matrix M; + Iis positive definite
that it can be rewritten using Cholesky decomposition as
follows:

M, +1=1LL; =2
where

L= Es;tiese.g +ﬁ313:r-

10 0 0
0 1 0 0
Lol : :
oo o V2 0
0 0 0 1
Letting nonnegative variable tp=x"x=0 , the
relationship (12) can be rewritten as:
T, <
w; w; = &y (13)

where

w; = Lj:y = Es;tiys es + ﬁ}’;‘ i, ‘fi =1
and

¥y . HT'\.T
I'I L—al

€4 +
T L

'

— n
= 0.

0

A hyperbolic constraint (13) is equivalent to the
second-order cone constraints [14]:

=1+ eI-Ty + tg.

2

S _T.I_
‘1 ;) t{J (14)

2L;y

On the other hand it is observed that the condition
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2 Computer-Aided Transit Scheduling, Springer, LNEMS, no. 430,
(x;—xf)=0 1995, pp. 173 — 187
- https://link.springer.com/chapter/10.1007/978-3-642-57762-8 12
! [3] Iu. Voinescu, Th. Boranngiu, “Optimization and configuration of a
. . . . public transport service - component of computerized management
implies the linear constraints: of service systems”, In Buletinul AGIR nr. 4/2015, pp. 86 — 96 (in
Romanian)
https://www.agir.ro/buletine/2440.pdf
T
E’ X~ = 0} (15) [4] E. Burke, P. Causmaecker, The state of the art of nurse rostering.
: : : : Journal of Scheduling, 7(6), 2004, pp. 441 - 499
Fmtall,y’t it can be mentioned that the quadratlc https://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.456.20
constram

to=y"y, (16)

used above in constructing second-order cones (9) and
(10) are non-convex. The constraint (12) is relaxed such
that:

yly < ta.

The last constraints are equivalent to following second
order cones constraint:

Thus, the problem (1)-(6) might be relaxed to the
following second-order conic programming problem:

1—1'0

2 (17)

”51+%}
2

(1}
sz- — min
. i=1
subject to
Ax = b.

and the constraints (14), (15), (17).
VI. CONCLUSIONS

This paper contains the numerical solving of the
Days-Off Scheduling Problem reformulated in terms of
non-convex minimization problems, to find a solution
for days off scheduling problem with the constraints
defined by the tasks of the day.

This paper has proposed a solution for scheduling
the staff days off by a relaxation of the Days-Off
Scheduling Problem in terms of second-order cone
programming. This problem can be effectively solved
by the interior point algorithm ([15]).

There is specialized software for solving conic
optimization problems ([16]). Future work includes
implementing the solution for scheduling days off for
an IT company staff
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